We are concerned with a moment problem for a nonlinear pseudoparabolic equation with one space dimension on an interval. The boundary conditions are imposed in terms of the zero-order moment and the first-order moment. Based on an elliptic estimate and an iteration method we established the well-posedness of solutions in the usual Sobolev space. We are able to get regularity of the solution so that both solution and its derivative with respect to the time variable belong to the same Sobolev space with respect to the space variable. This feature is different from problems with parabolic equations, where the regularity order of solution is higher than that of the time derivative with respect to the space variable. Previous results reflected only this parabolic nature for the pseudoparabolic equation.
Introduction
Let [α, β] (α < β) be an interval of the real line R and let T be a positive real number. In this paper, we shall consider the following one-dimensional nonlinear pseudoparabolic equation Initial-boundary value problems for pseudoparabolic equations have been investigated extensively in the past years. This kind of equations models a variety of important physical processes, for example, long dispersive waves [2] , discrepancy between the conductive and thermodynamic temperatures [7] , and aggregation of populations [14] , etc. Integral representations of solutions were obtained in [8, 12] . Existence and uniqueness of solutions of boundary value problem of Dirichlet or Neumann type were established in [5, 13, 15, 16] . Numerical solutions by spectral method were studied in [15] . Riemann problem and Riemann-Hilbert problem were investigated in [9, 10] . Nonlocal boundary value problems were studied in [3, 4] and references therein.
In [4] , for the linear pseudoparabolic equation
the nonlocal boundary value problems (1.2) and (1.3) were investigated. For the nonlinear function F in (1.1) we assume that K y
We shall establish the well-posedness of the problem (1.1)-(1.3) under the condition (1.4). We are able to get regularity of the solution u for both u and u t so that they belong to the same Sobolev space with respect to the space variable x. This feature is different from problems with parabolic equations, where the regularity order of u is higher than that of u t with respect to x. The results in [4] reflected only this parabolic nature for the pseudoparabolic equation.
We now introduce some function spaces needed in this paper. Let X be a Banach space and let u : (0, T ) → X be an abstract function. We denote by L 2 (0, T ; X) the standard Banach space with the norm
be the standard Sobolev spaces [1, 6] . Their norms are denoted by · 1,∞ , · i and · 0 , respectively.
Throughout this paper, we denote by c a universal constant. This means that it may change from time to time.
The organization of this paper is as follows. In Section 2 we shall study an elliptic equation with given moments. In Section 3 we shall establish the existence and uniqueness of solutions for the problem (1.1)-(1.3). Our results will be applied to the linear problem studied in [4] . Through our iteration method we are able to get solutions in Sobolev space instead of in weak sense as in [4] .
Well-posedness of solution for a linear elliptic problem
In this section, we consider the following linear elliptic problem with moment boundary conditions
Assume that a ∈ W 1,∞ (α, β) and there exist positive constants a 1 , a 2 , a 3 such that
2)
Then we have that 5) and w satisfies
where
From (2.4)-(2.7), we have
By Proposition 2.1, to study the well-posedness of the problem (2.1) in H 2 (α, β), it suffices to consider the problem (2.6) in H 3 (α, β). To this end, we need some results about the following classical problem:
It is well known that if a satisfies (2.2) then for each G ∈ L 2 (α, β) the problem (2.8) has a unique solution W in H 2 (α, β) [11] . Let P denote the solution mapping of (2.8) from G to W . That is, W = P (G). For the operator P we have Lemma 2.2. Assume that the function a satisfies (2.2). Then the operator P defined above has the following properties:
Proof. The linearity of P is obvious. We rewrite (2.8) in the form
, taking inner product in (2.11) with W and integrating by parts, we get
by (2.2). It follows from (2.11) and (2.12) that
Hence (2.9) follows. For (2), from (2.8) we have
By (2.12), (2.13), (2.2) and (2.3), we obtain
So we have (2.10).
The first inequality in (3) follows from the maximum principal [11] . The second inequality is from the first inequality and the continuity of P (1). 2
We now state the main result of this section.
(2.14)
Proof. From Proposition 2.1, it suffices to show that the problem (2.6) has a unique solution in H 3 (α, β) under the assumptions. For the uniqueness of the solution of the problem (2.6), we only need to prove that if w ∈ H 3 (α, β) is a solution corresponding to F ≡ 0 then w ≡ 0. Note that in this case w ∈ C 2 (α, β) by Sobolev embedding theorem and hence w xx (α) makes sense.
Let w be a solution of the homogeneous problem (2.6), that is F ≡ 0. We first claim that
In fact, if this is not the case, then either w xx (α) < 0 or w xx (α) > 0. Suppose that w xx (α) < 0. Then (2.6) implies that
It follows from the maximum principal that
Hence, combining with the condition that If w xx (α) > 0, the same argument also leads to a contradiction. This proves our claim (2.15). From (2.15) and (2.6), w satisfies
Thus w ≡ 0. This shows the uniqueness of solutions. Now we prove the existence. Since f ∈ L 2 (α, β), we have
by (2.7). Define 16) where P is the operator defined in Lemma 2.2. Then w ∈ H 3 (α, β) by (2) of Lemma 2.2, and a routine check shows that
and w satisfies the first equation of (2.6). Therefore w is a solution of (2.6) in H 3 (α, β) and we have the existence.
Finally, (2.14) follows from the fact that v = w x is the unique solution of (2.1) in H 2 (α, β), (2.10) and (2.16). 2
We now consider the elliptic problem (2.1) with a parameter t ∈ [0, T ]. In this case, (2.1)
For each fixed t ∈ [0, T ], if a(·, t) satisfies (2.2) and (2.3) and f (·, t) ∈ L 2 (α, β), then by Theorem 2.3, there exists a unique solution v for the problem (2.17) with v(·, t) ∈ H 2 (α, β) and the estimate (2.14) holds. The following lemma gives the regularity of the solution with respect to t. 
Lemma 2.4. Assume that a(x, t) satisfies (2.2) and (2.3) uniformly for
For any fixed positive integer k, since a k and f k are simple functions, there exist two partitions P 1 and P 2 of the interval [0, T ] such that a k and f k are constants with respect to t on each subinterval belongs to P 1 and P 2 , respectively. Let P be the fine partition obtained by combining P 1 and P 2 . Then a k and f k are constant with respect to t on each subinterval belonging to the partition P . More precisely, if we denote 
Then v k is a simple function with respect to t and it also is the solution of (2.17) with a and f replaced by a k and f k , respectively.
Following the proof of Theorem 2.3, we get
by (2.14). Combining (2.19) and (2.20), we have
Hence v is strongly measurable with respect to t. From the assumptions and the proof of Theorem 2.3, we know that the constant c in (2.14) does not depend upon t ∈ [0, T ]. Thus (2.18) follows directly from (2.14). 2
Solvability of the nonlinear pseudoparabolic problem
In this section, we prove the main result. 
Proof. Existence. We use the successive approximation method. We define
as the initial value. Suppose that u n (x, t) is defined, we let u n+1 (x, t) be the solution of the problem
We first claim that if u n ∈ W 1,2 (0, T ; H 2 (α, β)), then for the composite function
For n = 0, from the assumption (3.1), it follows that our claim holds. For n 1, by the assumption (1.4), we have
and
from which we deduce that
For the function z n , by (3.5) and (3.6 ), we have
It follows from (3.7) and (3.8) that {u n } converges to a function u in W 1,2 (0, T ; H 2 (α, β)), which is a solution of (1. 1)-(1.3) .
Uniqueness. Finally we show the uniqueness. Let
Similar to the above estimate, we can deduce
It follows from Gronwall inequality [6, pp. 363-364] that
That is, (u 1 − u 2 )(x, t) is independent of t. From the initial condition, we deduce that
As an example, we consider the following linear initial-boundary value problem of pseudoparabolic equation with integral boundary conditions The conditions (3.10) imply that F satisfies (1.4). Hence the result follows from Theorem 3.1. 2
We point out that instead of f ∈ L 2 (0, T ; H −1 (α, β)) in [4] , we need that f ∈ L 2 (0, T ; L 2 (α, β)) in Theorem 3.2.
